
Joseph Gardi
Differential Geometry

Homework 5

Read:

• Baby Do Carmo, Differential Geometry of Curves and Surfaces: Sections 2-2, 2-3, 2-4 and Appendix
(starting on page 118) on A Brief Review of Continuity and Differentiability

• Handouts 6 and 7

• Lecture Notes

Do:

Remember, the problems marked with an asterisk have hints in the back of the book. Additionally, many
of these problems ask that you re-prove something that do Carmo proves in the reading.

A: Problems on Reviewing of Continuity and Differentiability
a) Prove the proposition 7 on page 127, Baby Do Carmo.
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b) Prove the proposition 8 on page 129, Baby Do Carmo.
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c) Rewrite Example 11 on page 132 of Baby Do Carmo and explain clearly why the Inverse Function
Theorem (page 131) is true only in a neighborhood of a point p.
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d) Show that an infinite cylinder after deleting a vertical line is diffeomorphic to a plane.

Let r be the radius of the cylinder and put the center of the cylinder at the origin.

Let the plane be span([1, 0, 0], [0, 1, 0]).
Let’s use something like cylindrical coordinates. We are parameterizing the infinite cylinder with α :
(θ, h)→ (r cos θ, r sin θ, h). Proving that this is a parameterization is left as an excersise.

Let x : (a, b)→ (2π |a|
|a|+1 , b).

I want to show that α ◦ x is a difeomorphism between the plane and the cylinder. To do this it is sufficient
to show that x is diffeomorphic since is a parameterization . It is left as an excersise to show that x is a
bijection. Now to show that it is differentiable and has differentiable inverse we show that the jacobian is
invertable at all points in the plane. Let (a, b, c) ∈ R3 be given.
The jacobian is, [

∂x1
∂a

∂x1
∂b

∂x2
∂a

∂x2
∂b

]

=

[
2π · 1−|a|/(|a|+1)

|a|+1 0
0 1

]

Now we just need to show this matrix is invertable for all a. The determinant is

2π · 1− |a|/(|a|+ 1)
|a|+ 1

The determinant approaches zero but never actually reaches it so x is diffeomorphic. �
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B: Problems from Lectures
a) Use Inverse Function Theorem to give a proof of proposition 2, page 59, Baby Co Carmo.
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b) Use Inverse Function Theorem to give a proof of proposition 4, page 64, Baby Co Carmo.
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C: Other Problems
a) Problem 7 on page 66, Section 2-2, Baby Do Carmo.

First we find the set of critical points C = {(x, y, z) ∈ R3 : d f (x, y, z) = 0} So for each (x, y, z) ∈ C,

d f (x, y, z) = 0

⇐⇒
[
2(x + y + z− 1) 2(x + y + z− 1) 2(x + y + z− 1)

]
= 0

⇐⇒ x + y + z− 1 = 0

This is the equation of a plane. So C is the set of points in a plane. The critical values are the image
f (C) = { f (x, y, z) : (x, y, z) ∈ C} = {(x + y + z− 1)2 : x + y + z− 1 = 0} = {0} �
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b) Problem 11 on page 66, Section 2-2, Baby Do Carmo.

I’ll do both part a and part b at once. To show that a, b are reegular you can show that the differential for
both functions is invertable. So for a the differential is,

da(u, v) =

 1 1
1 −1

4v 4u


This matrix is an invertable map everywhere because it has the minor

[
1 1
1 −1

]
which is not invertable.

Similarly, for b,

db(u, v) =

cosh v u sinh v
sinh v u cosh v

2u 0


It was given that u 6= 0 for inputs to b so 2u is not a multiple of 0. Therefore, the columns of db are always
linearly independent. So the map is always invertable.

Now let’s show that the images of both functions are contained in S. let’s call the functions a, b rather than
calling both of them x. For all p = (u + v, u− v, 4uv) ∈ x(R2), (u + v)2 − (u− v)2 = u2 + 2uv + v2 − (u2 −
2uv + v2) = 4uv. So z = x2 − y2 is satisified for at p. Therefore p ∈ S. Similarly for b:

∀p = (u cosh v, u sinh v, u2) ∈ image(b),

(u cosh v)2 − (u sinh v)2 = u2(cosh2 v− sinh2 v) = u2

To show that a, b are homeomorphic we have to show they are bijective. First I do it for a. Suppose that
a(u1, v1) = a(u2, v2). Then I will show that u1,= u2, v1,= v2. This gives us the matrix equation,

A
[

u1
v1

]
= A

[
u2
v2

]
=⇒

[
u1
v1

]
=

[
u2
v2

]
(because A is invertible)

where A =

[
1 1
1 −1

]
Showing b is bijective is left as an excersise. Then to show that a, b are homeomorphic we observe that
they are continuous and have continuous inverses. To Show that the x covers V

⋂
S for some neighborhood

V ⊂ S just . �
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c) Problem 1 on page 80, Section 2-3, Baby Do Carmo.

First observe it is a bijection. Then observe that the jacobian is inverable everywhere. �
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d) Problem 8 on page 80, Section 2-3, Baby Do Carmo.
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e) Problem 10 on page 81, Section 2-3, Baby Do Carmo.
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f) Problem 12 on page 81, Section 2-3, Baby Do Carmo.
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f continued)
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g) Problem 15 on page 82, Section 2-3, Baby Do Carmo.

a) It was shown in the book that all parameterizations of a surface are diffeomorphic to one another and for
any parameterizations α, β, α−1 ◦ β is diffeomorphic.
b)

|
∫ τ

τ0

|β′(τ)|dτ| = |
∫ τ

τ0

|(α ◦ h)′(τ)|dτ|

= |
∫ t

t0

|(α)′(t)|dt|
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