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Linear Algebra Review

Due date: _____

1. For which of the following matrices are you guaranteed a real diagonal form or no real
diagonal form at all without first determining the existence of an eigenbasis? Why?

5 0 —1 2 5 3 51
A=|0 3 3 B=1[0 3 0 C:(i i??)

13 0 00 2 2 3

0 1 1 a 13
=) Gl el

Solution. (a) We are guaranteed a real diagonal form without first determining the
existence of an eigenbasis because A is symmetric.

(b) We are not guaranteed a real diagonal form. Since the eigenvalue 2 has multiplicity
2, we must determine wither there are 2 linearly independent eigenvectors for the

eigenspace V5.
(c) This matrix represents a rotation by 30°, so we know that there is no real diagonal

form.

(d) This matrix represents a rotation by 90°, so we know that there is no real diagonal

form.

(e) We know that there is no real diagonal form because E represents the shear

(z,y) = (z + ay,y).
That is, only the z-axis is invariant; everything else has been moved left or right.

(f) We find all the eigenvalues of F:

1-X 3

O:det(F—)\I):‘ 9 9_)

’:A2—3)\—4:(>\—4)()\+1).

Hence, the eigenvalues are 4 and —1. Since these are distinct, we are guaranteed
a real diagonal form.

2. Let
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(a) Find the eigenvalues and corresponding eigenvectors of A.

Solution. We first find the characteristic equation of A:

1-X 0 -4
O=det(A—AX)=| 0 5-X 4 |=0B=NA-9)\+3).
4 4 3-2)

Thus, the eigenvalues are \; = 3, Ay = 9, A\3 = —3. Since all the eigenvalues are
distinct, A can be diagonalized.

For A\ = 3, we have

1-3 0 —4 -2 0 —4 -2 0 —4 10 2
0 5-3 4 — 0 2 4| 3Rl o0o 2 4] —[012
2 3
—4 4 3-3 —4 4 0 0 0 0 000
-2
= U] = -2
1
1 —2
Similarly, for Ay =9 we have v = | —2 | and for \3 = —3 we have v3 = | 1
-9 -2

(b) Is A similar to a diagonal matrix? If so, find a nonsingular matrix P such
that P~tAP is diagonal. Is P unique? Explain.

Solution. Since A is symmetric, it can be diagonalized. Let

-2 1 =2
P=(v,v,v3)=|-2 =2 1
1 -2 =2
Then
30 O
P'AP=10 9 0 | =D.
0 0 -3

However, P is not unique, since the eigenvectors associated to an eigenvalue are
not unique.

(c) Find the eigenvalues of A~1.
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Solution. Recall that, if A is invertible and has eigenvalue A # 0, then 1/\ is
an eigenvalue of A~!. In our case, A is invertible since det A = det PDP~! =
det D = —81 # 0 (and all the eigenvalues are nonzero). Thus, A~! has eigenvalues
1/3,1/9,—1/3.

(d) Find the eigenvalues and corresponding eigenvectors of A?.

Solution. If X is a nonzero eigenvalue of A with associated eigenvector £, then
A%E = A(NE) = MNAE = V¢

Hence, A\? is an eigenvalue of A? with associated eigenvector €. Hence, the eigen-

-2
values of A% are 9,81, and 9, and their associated eigenvectors are v; = | =2 |,
1
1 —2
v=|—-2],andvs=| 1
-2 -2

3. Let L : Py — Py be defined by

L(a+bt +ct?) = (2a — ¢) + (a + b — )t + ct*.

(a) Find the matrix A representing L with respect to the standard basis of Ps.

Solution. We note that L(1) = 2+t + 0t?, L(t) = 0+ ¢ + 0%, and L(t?) =
—1+ (=1)t + t*. Hence,

2 0 -1
A=1|11 -1
0 0 1

(b) Find all the eigenvalues of A. For each eigenvalue, find all eigenvectors asso-
ciated with that eigenvalue.

Solution. Expanding along the bottom row, we compute

2—A 0 —1
det(A—A)=| 1 1-XA —1|=(1-N2=MN(1-2\).
0 0 1-2A

Hence, the eigenvalues are A\; = 1 (multiplicity 2) and Ay = 2.
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Substituting in A\; = 1 and row-reducing, we find

2—-1 0 -1 1 0 -1 1 0 -1
1 1-17 -1 ] —(1 0 -1} —{0 0 O
0 0 1-1 00 O 00 O

This system has solution x = z, y = s = free, and z = t = free, or

x t 1 0
yl=1s|=t({0] +s|1
z t 1 0
1
Hence, eigenvalues associated with \; = 1 are spanned by vy = [ 0| and vy, =
1
0 1
1 |. For Ay = 2, we may similarly compute the eigenvector vz = | 1
0 0

(c) Find a matrix P such that P71 AP is diagonal.

Solution. Let

1 01
P=[vveus] =10 1 1
1 00
Then
1 00
P'AP=1[0 1 0| =D.
0 0 2

(d) Find A™ where n is an integer. What is L'%07?

Solution. Since A = PDP~! we have

A = (PDP )"
= PD"P~!
101\ /1" 0 0\ /0 0 1
=lo11]f{o 1™ of[l-11 1
100/ \o o2/ \1 0 1
0 1-2n
=l2r-111-2
0 0 1

Hence,

LY+ bt + ct?) = <a2100 Fe(l— 2100)) n <a(2100 ) 4bte(l— 2100)>t +et?,
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4. Let A be an n x n real matrix.

(a) Prove that the coefficient of A»~! in the characteristic polynomial of A is given
by —tr A.

Solution. Expanding along the first row of AI,, — A, we see that the characteristic
polynomial ps(A) = A" + a; A"t + ap N2 + - -+ + a, 1\ + a, of Ais given by

A —ap —ai2 Tt —Q1n
—a A —axp - —a2
det(AI, — A) = "
—anp1 —Qp2 e )\ — Qpp

— (/\ — all)Cll —+ (—alg)clg + -4 <_a1n)01n7

where Cj; is the i, j cofactor of AI,, — A. Now, the expression involving A"~! in
the characteristic equation must arise from the first term in this sum, since every
other cofactor will contain only n — 2 factors of A. Applying the same argument
to our computation of

A — ag —Q23 Tt —Q2n
—a32 A—azg - —A3n
Cll = . . . . )
—Qp1 —Qp2 e >\ — apNn

we see that that the expression involving A"~! in the characteristic polynomial
must arise from the product

(A —ai) (A —a2) - (A= ann) = A" — (@11 + Ao + -+ + Q) A"+

Thus, a3 = —(a11 + age + -+ + ap,) = —tr A.

(b) Prove that tr A is the sum of the eigenvalues of A.

Solution. If Aj, Ao, ..., A, are the eigenvalues of A, then A — \; (i = 1,2,...,n)
are factors of the characteristic polynomial

det(AI, — A) =M+ N a4t a, AN+ a,
=A=A)A=X) - (A=\) (1)
=A— (AL + X+ )N (D) A A A

Thus, a; = =X\ — Xy — -+ — )\, = —tr A. Hence, the trace of A is the sum of the
eigenvalues of A.
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(c¢) Prove that the constant coefficient of the characteristic polynomial of A is +
the product of the eigenvalues of A.

Solution. We observe that in Eq. 1 above, the constant term is a,, = (—1)"A1Ag - - - \,,.

Also note that if A = 0, then we have

(—1)"det A = det(—A)

Hence, det A is the product of the eigenvalues.

5. Let A be a 5 x 5 matrix. Suppose A has distinct eigenvalues —1, 1, —10, 5, 2.

(a) What is det A? What is tr A?

Solution. From the previous problem, we know that det A = —1 x 1 x (—10) x
5x2=100and tr A= —1+1+ (—10)+5+2 = —3.

(b) If A and B are similar, what is det B? Why?

Solution. Since A and B are similar, there is some invertible matrix P such that
B = P~ 'AP. Hence,

det B = det(P ' AP) = (det P)"'(det A)(det P) = det A.

Thus, det B = 100.

(c) Do you expect that all eigenvectors of A are mutually orthogonal? Why?

Solution. No, we can only expect that all the eigenvectors of A are linearly in-
dependent. However, since A is not symmetric, we are not guaranteed that they
eigenvectors are mutually orthogonal.

6. This is an extra credit-type problem. Let pi(X\) be the characteristic polynomial of Ay
and po(A) the characteristic polynomial of Ayy. What is the characteristic polynomial
of each of the following partitioned matrices?

. AH 0 o All AQI
() ()
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Solution. Let pa(A\) and pg(A) be the respective characteristic polynomials of A and

B. Then
pA()\) = |)\[ — A|
B AN — A 0
o 0 A — Ay
= |/\z — A11||/\] — A22|
= pl(>\)P2(>\)>

where p;(A) is the characteristic polynomial of A;; and po(A) is the characteristic
polynomial of Agy. Similarly, pg(A) = p1(A)pa(N).

7. Prove key theorems

(a) Prove that similar matrices have the same eigenvalues.

Solution. Let B= P"'AP. Then

det(M — B) — det(M — P~LAP)
— det(AP~'IP — P~1AP)
= det(P~*(\i — A)P)
= det(P~ 1) det(\ — A) det P
= det(\ — A),

since det P~ = (det P)~!. Thus, similar matrices have the same eigenvalues.

(b) Let A1, Aa, ..., Ay be distinct
eigenvalues of a matrix A with associated eigenvectors xy, s, ..., ;. Prove
that xq, xs, ...,z are linearly independent.
Solution.

Let a1, as, ...a; € R, and suppose
a1Ty + asxo + - - + apxy = 0. (2)

We prove by induction on k that a; = 0 for ¢ = 1,2,... k. If k£ = 1, there is
nothing to prove since any nonzero vector is linearly independent. Now, suppose
that the statement holds for £k — 1. Applying A to both sides of Eq. 2, we see
that

0 =aAxy + axAxy + -+ + apAxy
= @\ T1 + AaAoXo + -+ + ApALT . (3)

(please turn over)



Math 142

Linear Algebra Review Answer Key Prof. Gu

Similarly, multiplying both sides of Eq. 2 by g, we see that
0= a1 A\px1 + a2 + - -+ + QAT (4)
Then, subtracting Eq. 3 from Eq. 4, we have
0=a1(Ar — A)z1 + ag( Mg — Ao)xg + -+ + ap_1 (A — Ng—1)Tp—1.
By the induction hypothesis, x1,xs,...,x,_1 are linearly independent, so
a;(Ag—A) =0

forv=1,2,...,k — 1. However, the \; are distinct, so \; # Ay for k # 7. Thus,
ap=ag=---=ag_1 =0.

Substituting these values into Eq. 2, we find that agxp = 0. Since xp # 0, we
must have ap = 0. Thus, a4 = ay = -+ = a, = 0, so x1,T9,..., T are linearly
independent, as desired.

(¢) Let L : R® — R™ be a linear transformation defined by L(X) = AX. Let

Vi={& € R" | L(&) = \X¢}. Prove V) is a subspace of R™. (This subspace is
called the eigenspace associated with \.)

Solution. There are two ways to show that V), is a subspace of R". First, we
directly show that V) satisfies the definition of a subspace. Suppose &, 1 € V.
Then

L(§ +n) = L(§) + L(n) = A& + An = A(E + ),
so £ +n € V). Similarly, if ¢ € R, then

L(c§) = cL(§) = eA§ = A(c),

so c€ € V. Hence, V), is a subspace of R" by definition.
Alternatively, we note that

Vi ={EeR"[L(§) = A¢}
={ e R"[ A = A&}
={{eR" | AL - A =0}
={{eR" | (A- )¢ =0}
= null(A — \I).

Since the nullspace of an n x n matrix is a subspace of R”, it follows that V) is a
subspace of R".
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(d) Let A be an eigenvalue of A with multiplicity r. Let dim V), = s. Prove s <.
(That is, the dimension of the eigenspace associated with A is at most the
multiplicity of A.)

Solution. Let {x1, za, ..., xs} be abasis of V). We extend it to a basis {1, za, ..., s, Tsi1, ...
of R™. Then
L(.Tl) = )\33'1,
L(ZL’Q) = )\1'2,
L(zy) = \z,,
L($S+1> = As+1,171 + o+ Qs41,5Ts + As41,5+1Ls+1 +-+ As+1,nTn
L(xn) = Qp,1T1 +-+ Qp,sTs + Qp,s+1Ts+1 + - ApnTn.
Thus, the matrix representation of L associated with the basis {1, za, ..., 2,} is
A0 - 0 As+1,1  As421 Qn,1
0 A -+ 0| asp12 Asp22 - G2
M= 0 0 e As41,s Qs42s - Qp,s o )\Is A1
= 0 PR 0 as+1’s+1 an7s+1 - O A2 .
o --- 0 a/s+1’n an’n

Note that M and A are similar, since they represent the same linear transforma-
tion. Hence, the characteristic polynomial of L is

f(z) = det(xl — A)
= det(xl — M)
(x — NI —A

0 xl,_s — Ay
= (z — N)*det(xl,_s — Ay)
= (z = A)°g(x).
Since g(x) might contain a factor of (z — \), it follows that the multiplicity r of

A is greater than or equal to s. Hence, s < r.

8. Inner products space: Let

1 1 2
u= (0], v=|—-1]1, w = 2
1 0 —/6
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(a) Find ||u|l,||v||. Find a unit vector in the direction of w.

Solution. We compute |lul| = V12 + 02+ 12 = v2and ||[v|| = /12 + (-1)2+ 02 =
V2. Hence, the desired unit vector is

(b) Find the distance between v and w.

Solution. The distance between v and w is

||U—w|\:\/(1—2)2+(—1—2)2+(0—(—\/6))2:\/1+9+6=4.

(c¢) Find angle between u and v.

Solution. Let 6 denote the desired angle, and recall that u - v = ||lu|||v|| cosé.
Hence,

u-vo 1 _1
[ullloll  v2v2 2

By convention, we take 0 < 6 < 7, so § = arccos(1/2) = 7/3.

cosf =

(d) Show that v and w are orthogonal.

Solution. Since v-w =1x 24 (=1) x 24+ 0 x (=v6) =2 —2 =0, v and w are
orthogonal.

9. Useful facts for analysis

(a) Prove the Cauchy-Schwarz Inequality: If u and v are any vectors in an inner
product space V, then (u,v)? < ||ul|?|jv]|?.

Solution. Let u and v be vectors in an inner product space V. Since the proof is
trivial if v = 0, we may assume that v # 0. Consider the orthogonal projection

(w,0),

(v,v)

Z=U—
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Since z and v are orthogonal, we may apply the Pythagorean Theorem to

{u,v)

u=z+ w, v}
to find
< > 2 2 <U,U>2 <U,U>2
Jull* = [|2[* + sloll” = [l=]I" + > :
(v,v)? [v][? [v][?

Hence, (u,v)? < ||ul|?[Jv]?.

(b) Consider R™ with the standard inner product. Let u = (uy,us,...,u,) and
v = (v1,v9,...,v,). Prove that

(o) =(24) ()

Solution. Note that (30 wv;)? = (u,v), > u? = (u,u) = |Jul]?, and Y7 v3
(v,v) = ||v]|?>. Thus, by the Cauchy-Schwartz Inequality, the inequality holds.

(c¢) Let V be the vector space of all continuous real Valued functions on the unit
interval [0, 1] with inner product (f, g) fo t)dt. Prove
1 2 1 1
([ roswa) <([ roa) ( / 7).
0 0 0
Solutwn Note that <f0 )dt) = (u,v), fol F2(t)dt = (u,u) = ||lul]?, and

"R2()dt = (v,v) = |v]% Thus, by the Cauchy-Schwartz Inequality, the in-
equality holds.

10. Positive definiteness: Let C' = [¢;;] be an n x n symmetric matrix and let V' be an
n-dimensional vector space with ordered basis S = {uy,us,...,u,}. For v = aju; +
agus + - -+ + ayu, and w = byuy + boug + - - - + byu, in V, define

n n
= E E aicijbj
i=1 j=1

Prove that this defines an inner product on V if and only if C' is a positive-definite
matrix.
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11.

Solution. Let x = [v]s and y = [w]|g be the coordinate (column) vectors of v and w,
respectively, with respect to the basis S. We note that

(v,w) = i i a;cijb; = x' Cy.

i=1 j=1

=

Suppose that (v, w) defines an inner product on V. Then (v,v) > 0 and vanishes if
and only if v = 0, so x?’Ox > 0 if x # 0 and x’Cx = 0 only if z = 0. Hence, C is
positive-definite by definition.

=

Conversely, suppose C' is positive-definite. First, it follows by definition that (v,v) =
x”Cx > 0, and vanishes if and only if x = 0. Second, since C' is symmetric,

(v,w) =x"Cy = (x,Cy) = (Cx,y) = (y,Cx) =y Cx = (w,v),
where (-, -) denotes the standard inner product on R™. Third, if z = [u]g, then

(u+v,w) =u+v]ECw]s
= (z' +x")Cy
=z'Cy +xI'Cy
= (u,w) + (v, w).
Finally, if » € R, then
(rv,w) = [rv]5Cy = rx"Cy = r(v,w).

Thus, if C'is positive-definite, then (v,w) = > 7" | 37 | a;c;;b; defines an inner product
on V.

Let V' be the vector space of all continuous functions on the interval [—m, x]. For f
and g in V, define (f,g) = [7_ f(t)g(t) dt.

(a) Show that this defines an inner product on V.

Solution. Let f,g,h € V and r € R. First, note that (f, f) = ["_f?(t)dt > since
f2(t) > 0, and vanishes if and only if f(¢f) = 0. Second, since multiplication of
functions is commutative,

(f.g) = / " F(0)glt) de = / " g = (9.£).

—T
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Third, by the distributive law for functions, we have

(f+g.h)  =["(f+g)hdt
= " (fh+gh)dt

— [* fhdt+ [ ghdt
= (f,h) + (g, h).

Finally, we have (rf,g) = [* rfgdt = r [T = r(f,g). Hence, this defines an
inner product on V.

(b) Show that the following set is an orthogonal set:

{1,cost,sint,cos2t,sin 2t, ..., cosnt,sinnt,...}.

Solution. First, we note that for any positive integer n, f; cosntdt = f; sinnt dt =
0. Hence, 1 is orthogonal to every other element of the set.
Next, we note that cos mt cosnt = cos(m + n)t + sin mt sinnt, so

g 0
/ cosmtcosntdt = [7 cos n)tdt+ [ _sinmtsinnt dt

= ffﬂ sin mt sin nt dt.

However, using integration by parts, we find that

™ 0
/ cosmtcosntdt = [% coS mnt] fﬂ sin mt sin nt dt
—TT n —Tr

—T

=2 [T sinmtsinnt dt.

For m % n, this implies that [*_sin m¢sinnt dt = 0, and therefore [*_cosmt cosnt dt =
0. Thus, each cosine element is orthogonal to every other cosine element, and each
sine element is orthogonal to every other sine element in this set.

Finally, consider [ fﬂ sinnt cosmt dt. Since sin(a + ) = sina cos  + cos asin 3,
we see that

™ 0
/ sinntcosmtdt = ["_sin m)tdt — |7 _cosntsinmt dt

—T

= — ["_cosnt sinmt dt.

On the other hand, sin(a — ) = sin acos f — cos asin 3, so

™ 0
/ sinntcosmtdt = f_ﬂﬂ sin m)tdt + ffﬂ cosnt sinmt dt

—T

= |7 cosntsinmt dt.

Hence, f:r cosntsinmtdt = 0 for arbitrary n,m. Thus, all elements in this set
are mutually orthogonal.
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(c) Convert the above set into an orthonormal set.

Solution. Since {1, cost,sint, cos2t,sin2t,...,cosnt,sinnt,...} is an orthogonal
set, we may obtain an orthonormal set by dividing each vector by its norm. We
first compute

1112 = [T 1dt =2n
[cosnt||* = [T cos?ntdt= [T 1res2ntgy

el

[sinnt|* = [T sin®ntdt = fﬁ%dt

Thus, we get an orthonormal basis

{ 1 cost sint cos?2t sin 2t cosnt sinnt }
\/%7 \/E7 ﬁ? ﬁ ) ﬁ AR | ﬁ ) ﬁ )

12. A linear transformation L : V — V', where V is an n-dimensional Euclidean space, is
called orthogonal if (Lv, Lw) = (v, w).

(a) Let A be an nxn matrix. Show that A is orthogonal if and only if the columns
(and rows) of A form an orthonormal basis for R".

Solution. Since A is real, then A* = AT, where A* is the adjoint of A. Note that
(Av, Aw) = (v, AT Aw); hence, A is orthogonal if and only if ATA = I.

We may write A as (v, ve,...,v,), where v; is the ith column of A. Then
T T T T
ol vlv, ovlvy - i,
T
ATA = (v1 Vg vv- vn) =
T T T T
v, Up U1 U Uy e UpUp

Thus, AT A = I if and only if

; i=j 1
V; Vj = (U3, V5) = . . )

that is, if and only if {vy,...,v,} is an orthonormal basis for R". The argument
for the rows is identical with v; and v] interchanged.
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(b) Let S be an orthonormal basis for V' and let the matrix A represent the
orthogonal linear transformation L with respect to S. Prove that A is an
orthogonal matrix.

Solution. Let S = {uy,us,...,u,} be an orthonormal basis for V, and let v; =
[Lu;]g. Then
A= ([Lw]s [Lugls -+ [Luyls) = (v1 v2 -+ v,).

Since L is orthogonal and S is orthonormal, we see that

i=j 1

v; v = (Ui, v5) = ([Lug]s, [Lusls) = ([wls, [uj]s) = {Z L0

Thus by part (a), A is an orthogonal matrix.

(c) Prove that for any vectors u,v € R", (Lu, Lv) = (u,v) if and only if for any
we R, [ Lull = [lul|.

Solution. Suppose (Lu, Lv) = (u,v). Then if v = u, we see that
I Lull® = (Lu, Lu) = (u,u) = [[u]*,

so ||Lu|| = ||u||. Conversely, if ||Lu|| = ||u|| for all u, then (Lu, Lu) = (u,u). If
u = v + w, then we may expand linearly to obtain

(Lv, Lv)+ (Lv, Lw) 4 (Lw, Lv) + ( Lw, Lw) = (v, v) 4+ (v, w) + {(w, v) + {(w, w). (5)

We note that (Lv, Lv) = (v,v) and (Lw,Lw) = (w,w). Furthermore, since
v,w € R, it follows that (v, w) = (w,v). Thus, Eq. 5 becomes

2(Lv, Lw) = 2(v, w),

so (Lv, Lw) = (v, w) for all v,w € R™.

(d) Let L : V — V be an orthogonal linear transformation. Show that if A is an
eigenvalue of L, then |\ = 1.

Solution. Let A be an eigenvalue of the orthogonal transformation L : V — V.
Since L is orthogonal, we know from part (c) that ||Lv| = |jv]| for all v € V.
Thus, for any nonzero eigenvector ¢ associated with A\, we have

€1l = [1LE1} = IAEll = A€l
Since [|£]| # 0, it follows that |A| = 1.
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13. Let W be the subspace of the Euclidean space R* with standard inner product with
basis S = {uq, ug, ug}, where

Uy =

O = o=

Transform S to an orthonormal basis T' = {w;, we, w3} using the Gram-Schmidt pro-
cess.

Solution. We define

1
Ui 1 1
wlz—:—
Jur] /3|1
0
We then compute
U2 = U2 — (u2,w1)w1
-1 1
RO h
1 0
—1/3
_ | 2/3
—1/3 |’
1
and
—1/3 -1
wo = 2 _ 1 2/3 1 1 2
S PN RVAYEN S VE N BT |
1 3
Finally, we compute
U3 = ug — (us, wy)w; — (us, wa)ws
-1 1 -1
_10 1) 1 |1 2 1 2
o |G H| ]+ (F) =S
-1 0 3
—4/5
3/5
1/5

—3/5
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and
—4
V3 1 3
Wa = = —
Pl V35 | 1
-3
Thus, the desired orthonormal basis is
1 -1 —4
)11 1 2 1 3
VAR N VAT et VAT B
0 3 -3
14. Orthogonal diagnilization of symmetric matrices.
(a) Let
-1 3 3
A= 3 -1 3
3 3 -1

Find a 3 x 3 matrix P with P~' = P7 such that PTAP = D, where D is a
3 x 3 diagonal matrix.

Solution. We note that, since A is diagonal, we are guaranteed such a matrix P by
the real spectral theorem; moreover, any matrix whose columns are eigenvectors
of A and form an orthonormal basis of R3 will satisfy these conditions. To find P,
therefore, we must first find all the eigenvalues of A. The characteristic equation
is

det(A — X)) = (5= N)(4+N\)? =0,

so the eigenvalues are A\; = —4 (multiplicity 2) and Ay = 5. We find that the
eigenspace associated with A; has basis

-1 —1
1
) Ug = -1

1
V2 Ve \
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using the Gram-Schmidt process. We also find the normal eigenvector associated
with Ay = 5 is

Thus, the desired matrix is

—1/vV2 —1/v6 1/V3
P:(Ul U2 Ug): 1/\/§ —1/\/6 1/\/3 s
0 2/V/6  1/V/3

and
-4 0 0
D=P'AP=| 0 -4 0
0 0 5

(b) (Extra credit) Show that all the eigenvalues of a real symmetric matrix are
real numbers.

Solution. Let £ be a nonzero eigenvector of a real symmetric matrix A with asso-
ciated eigenvalue . Since A is real and symmetric, it is self-adjoint, and therefore
A* = A. Thus,

AI]* = (A&, §) = (AE, &) = (&, AE) = (€, A&) = Al&]I*.
Since [|€]| # 0, it follows that A = X. Hence, X is real.

(c¢) Show that if A is a symmetric real matrix, then eigenvectors that belong to
distinct eigenvalues of A are orthogonal.

Solution. Suppose A is a real, symmetric matrix and let u, v be eigenvectors of A
associated with the distinct eigenvalues A and p, respectively. By part (b), A and
i are both real. We note that A is self-adjoint, and therefore

Mu,v) = (Au,v) = (Au,v) = (u, Av) = (u, pv) = p(u, v).

Since A # p by assumption, it follows that (u,v) = 0. Hence, u and v are
orthogonal.

(d) Prove that a symmetric matrix A is positive-definite if and only if A = PTP
for a nonsingular matrix P.
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Solution. Suppose A is a positive-definite matrix with eigenvalues Ay, Ao, ..., \,.
Since A is positive-definite, there is an orthonormal matrix () such that

M 0 - 0

0 X -+ 0
A:Q : : .. : QT'

O 0 --- 0

Since all the eigenvalues of a positive-definite matrix are positive, we may write

\/,\_1 0 0 \/)\_1 0 0
0 VA - 0 0 VA - 0

A =Q QT

0 0 o VAN 0 - h
— QDDQT.

Let P = DQ™. Then PT = (DQ")" = QDT = QD. Hence, A = PTP.
Conversely, suppose A = PTP. If x € R", then

x! Ax = xPT Px = (Px)"(Px) = (Px, Px) = || Px||%.

Hence, xT' Ax > 0 if x # 0 and xT Ax = 0 if x = 0. Thus, A is positive-definite.

(e) Prove that if the matrix A is similar to a diagonal matrix, then A is similar

to AT,

Solution. Since A is similar to a diagonal matrix, there is some invertible matrix
P and diagonal matrix D such that A = PDP~!. Thus,

AT — (Pfl)TDTPT
= (P~1)TDPT
= (P HTP'PDP'PPT
= (PT)"'P'APPT
— (PPT)"'A(PPT).

Thus, for Q = PPT, A = Q7 'AQ. Since P is invertible, so too is ). Hence, A

and AT are similar.

15. Applications
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(a) (Applications to solving ODE systems): Consider two adjoining cells separated
by a permeable membrane and suppose that a fluid flows from the first cell to
the second one at a rate (in milliliters per minute) that is numerically equal to
three times the volume (in milliliters) of the fluid in the first cell. It then flows
out of the second cell at a rate (in milliliters per minute) that is numerically
equal to twice the volume in the second cell. Let xq(t) and xo(t) denote the
volumes of the fluid in the first and second cells at time ¢, respectively. Assume
that initially the first cell has 40 milliliters of fluid, while the second one has
5 milliliters of fluid. Find the volume of fluid in each cell at time t.

Solution. The change in volume of the fluid in each cell is the difference between
the amount flowing in and the amount flowing out. Since no fluid flows into the
first cell, we have

2y (t) = =3z (1),

where the minus sign indicates that the fluid is flowing out of the cell. The flow
3x1(t) from the first cell flows into the second cell. The flow out of the second cell
is 2x4(t). Thus, the change in volume of the fluid in the second cell is given by

xh(t) = 3x1(t) — 224(1).

We therefore have the linear system, expressed in matrix form,

v (10 = (3 5) () = s

Since the matrix A is lower diagonal, we may read off the eigenvalues to be
A1 = —3 and Ay = —2. We compute the associated eigenvectors to be

() )

Hence, the general solution is given by

x(t) = byv1eM! + byvget?t

() (%)
x(0) = (450) |

we find that by = 40 and b, = 125. Thus, the volume of fluid in each cell at time
t is given by

From the initial condition

x1(t) = 40e~%
To(t) = —120e73t + 125¢ 2.
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(b) (Markov chain) Consider a plant that can have red flowers (R), pink flowers
(P), or white flowers (W), depending upon the genotypes RR, RW, and WW.
When we cross each of these genotypes with a genotype RW, we obtain the
transition matrix

0.5 0.25 0.0
M=105 05 0.5
0.0 0.25 0.5

Suppose that each successive generation is produced by crossing only with
plants of RW genotype. When the process reaches equilibrium, what percent-
age of the plants will have red, pink, or white flowers?

x

Solution. Let v = | y | denote the equilibrium percentages of the plants, and
z

note that Mv = v. Rearranging, we can find v by solving the matrix equation

M — I = 0. This corresponds to the following system in three variables:

—0.5z + 0.25y =0
052 — 05y + 05z = 0
025y — 05z = 0

x

Solving this systems yields the eigenvector v = | 2x |. Since the sum of the
x
0.25

entries of v must equal 1, we conclude that v = [ 0.5 |. Thus, at equilibrium
0.25

1/4 of plants will have red flowers, 1/2 will have pink flowers, and 1/4 will have
white flowers.

16. Applications to Fibonacci sequence

(a) Recall z,, =z, 1 + x_2.
To use linear algebra we define the following system of equations,

{xn =Tp-1+ Yn-1 (6)

Yn = Tn—1

We can rewrite this in matrix form,

() =G o) Go)
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Therefore,

()= Go) )

Compute the eigenvalues and eigenvectors of
11
(),

Solution. The characteristic equation of A is

A—1 —1‘

=AMA-1) —1=X-A—1=(\-0¢)(A—9),

0:‘ -1 A

where ¢ = %5 and ¢ = 1_2‘/5. To find the eigenvector associated with \; = ¢,
we compute

o—1 —1\ _ (=152 1\ Grem (0 0
-1 ¢ —1 5 -1 ¢)’
hence, the eigenspace associated with A\ = ¢ is spanned by v; = (?) Similarly,

we find that the eigenspace associated with Ay = ¢ is spanned by vy = (glb)

(b) Verify that if A= PBP~! and k is a positive integer, then A¥ = PB*P~1,

Solution. We prove this by induction on k. Suppose A = PBP~!. If k = 1, then
A¥ = A= PBP~! = PB'P~!, as desired. Now, assume the statement holds for
k=mn—1. Then

A" = A" 'A = pB" P tPBP ! = PB"'BP ! = PB"P !,

as desired. Hence, for any positive integer k, A¥ = PB*P~1

(c¢) Using a hand calculator or MATLAB, compute fgs, fi2, and fao, where f, is
the nth Fibonacci number, starting with fy = f1 = 1.

Solution. To compute these values, we may use Binet’s formula,
n+1 n+1
fo L[ Vb 1-V5
n - \/5 2 2 )
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which is obtainable by using the eigenvalues and eigenvectors from part (a) to

1 1\ /1 1
compute (1 0) (1) = PDFp~! <1> Thus, we find

fs = 34, fia = 233, fao = 10, 946.

17. Determine which of the given quadratic forms in three variables are equivalent:

g(x) = 23+ a5+ 15+ 22179
g2(x) = 213+ 223 + 27973
93(x) 375 — 315 + 81913
g4(x) = 325+ 323 — dxos.

Solution. We can determine which quadratic forms are equivalent by converting them
to matrices and comparing signatures and ranks. Two quadratic forms are equivalent
if and only if they have equal ranks and signatures.

g1(x) = af + 25 + 3 + 22129

. The characteristic polynomial is

_ o O

11
The matrix form of g; is M; = [1 1
0 0

det(N[ — M) = (A —1D[A =1 +1[-1(A=1)]+0
= A3 =32 420 = A\ —2)(A — 1).

Thus, M, has eigenvalues 0, 1, and 2 and signature 2—0 = 2. It is clear that rank(M;) =
2.

go(1) = 223 + 223 + 2x913

0 00
The matrix form of g is Mo = | 0 2 1 |. The characteristic polynomial is
01 2
det(A — M) = A[( —1 |=AA=3)(A—1).

Thus, M> has eigenvalues 0, 1, and 3 and signature 2—0 = 2. Since the two nonzero rows
are not multiples of each other, they are linearly independent. Thus, rank(Ms) = 2.
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18.

g3(r) = 323 — 323 + 8wyx3

00
The matrix of g3 is M3 = [0 3 . Since the two nonzero rows are not multiples
4

(@)
W = O

of each other, they are linearly independent and rank(M;) = 2. The characteristic
polynomial is

det(A — Msz) = A[(A — 3)% — 16] = A(\ — T)(A + 1).

Thus, M3 has eigenvalues —1,0, and 7 and signature 1 — 1 = 0.

gi(r) = 323 + 323 — dwoxs

0 0 0
The matrix of g4 is My = | 0 3 —2|. Since the two nonzero rows are not multiples
0o -2 3

of each other, they are linearly independent and rank(M3) = 2. The characteristic
polynomial is

det(M\ — My) = A[(A—3)* —4] = A(A — 1)(A = 5).
Thus, M, has eigenvalues 0, 1, and 5 and signature 2 — 0 = 2.

Since g1, go, and g4 all have rank 2 and signature 2, they are equivalent.

Which of the following matrices are positive-definite?
2 11 1 45
A=1|(1 2 1], B:(g §>’ cC=10 2 6}, Ez(é g)
11 2 00 3
Solution. Recall from Theorem 6.12 that a symmetric matrix M is positive definite if

and only if all the eigenvalues of M are positive. We can therefore determine whether
A, B, and E are positive definite by examining their eigenvectors.

The eigenvalues of A are 1,1, and 4, so A is positive definite. The eigenvalues of B are
4+ /5, so B is also positive definite. The eigenvalues of E are 3 4+ /13, so E is not
positive definite.

x
To determine whether C' is positive-definite, we let v = | ¥ | be a nonzero vector and
z
compute
1 4 5 x
v Cw :(:Eyz) 0 2 6 Y
00 3 z

= 2% + 4dxy + 2y* + Brz + 6yz + 322
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0

From this, we determine that forv= | 1 |, vTCv = —1 < 0. Thus, C is not positive
-1

definite.

19. Let g(x) = 32% — 323 — 322 + 4273 be a quadratic form in three variables.

(a) Find a quadratic form in the type given in the Principal Axis Theorem that
is equivalent to g. What is the rank of g7 What is the signature of g7

3 0 0
Solution. We first write the matrix form of g M = [0 —3 2 |. We can then
0 2 -3

compute the characteristic polynomial
detOM — M) =A=3)[(A+3)2 =4 =A=3)A+1)(A+5)

to find that the eigenvalues of M are Ay = —5, Ay = —1, and A3 = 3. Thus,
the desired equivalent quadratic form is h(y) = 3y? — y5 — 5y2. It is clear that
rank(g) = rank(M) = 3, and we can compute the signature of g to be 1 —2 = —1.

(b) Identify the surface g(x) = 9.

Solution. If we set g(x) = 9, we obtain a hyperboloid of two sheets. This is evident
from the fact that g has two negative eigenvalues and one positive eigenvalue.



